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Abstract

Most deep neural networks are not natively invariant or
equivariant to transformations of the data, e.g., when data
samples transformed by a group action, the prediction of
the model may change in arbitrary ways. Often, one resorts
to data augmentation to tackle this problem. A number of
recent ideas show how the network can be modified and en-
dowed with such capabilities, that are variously useful in
many applications including robustness. This route avoids
the need for explicit data augmentation. In this work, we
explore whether performs convolution in the jacobian space
of images can offer benefits. We propose DiffCNN, a model
which mitigates the performance drop many networks of-
ten face when presented with warped versions of the images
they were trained on. Our preliminary results show that Dif-
JCNN can minimize the need for data augmentation as well
as offers robustness on CIFAR10 dataset relative several al-
ternatives from the literature.

1. Introduction

Convolution Neural Networks (CNN) are the default ar-
chitecture of choice in in many computer vision problems
[12, 13, 14]. However, it is known that a standard CNN is
not robust to spatial transformations or group actions ap-
plied to the input images, and the classification accuracy on
such “transformed” data can be significantly worse com-
pared to the model’s performance on the original (unde-
formed) images. For example, in Figure 1, a fully trained
CNN model, with seven hidden convolution layers (the base
classification architecture in the Section 3), predicts the
original image correctly as a bird. In contrast, the model
predicts the deformed image as a “plane” instead. Here,
the deformed image is generated simply by applying an
affine shift transformation on the input image. We find that
depending on the amount of deformation/transformation
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Figure 1. Illustration of latent invariant representation of an image
from CIFAR10. Here, we used the output from the convolution
layer of a trained CNN model (the base classification architecture
from the Section 3), and the invariant output from the trained ver-
sion of our proposed DiffCNN model. The first row shows the
original input and the corresponding generated representations.
The second row shows the spatial deformed input under the affine
shift transformation. Both model classifies the original input cor-
rectly as a bird while only the proposed DiffCNN classifies the
deformed input correctly.

added, the prediction accuracy of a standard CNN on CI-
FARI10 drops from 85% to 34%.

Motivated by the need to better understand generaliza-
tion and robustness of CNN model, there is growing in-
terest in understanding the symmetry in the latent repre-
sentations of the architecture, specifically with respect to
invariance or equivariance of the representations to the ac-
tion of a group [1]. Translation transformations on the input
images are handled within CNNs using pooling layers [6].
However, CNNs are not equivariant/invariant to other types
of transformations which has been a focus of recent work
[2, 6, 10]. In the present paper, our interest is in the broader
class of diffeomorphism operations which has also been in-
dependently studied via augmentation [7] and wavelet-like
filter strategies [4].

This paper. We investigate potential benefits of operat-
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Figure 2. Architecture diagram for Diffeomorphism Invariant Convolution Neural Network (DiffCNN). First, the images are projected into
the Jacobian space. Then, a differential map of the images are provided as input to DiffCNN which generates diffeomorphism invariant
representations. The detail for the components of the Diff CNN is in Section 2. The invariant layer will project data back into the image
space and form the invariant feature map. Lastly, the invariant feature map is fed into a regular classifier.

ing in the Jacobian space of images. A convolution structure
on this representation turns out to be invariant to diffeomor-
phisms under some conditions. We call this convolution
layer diffeomorphism invariant convolution neural network
(DiffCNN). Our module can be simply inserted into an ex-
isting classifier such as the regular CNN and the Residual
Neural Network (ResNet). In Section 2, we provide the the-
oretical setup and proof of the diffeomorphism invariance of
DiffCNN. Empirically, we achieve the state-of-the-art clas-
sification accuracy on affine and homography deformed im-
ages from the CIFAR10 [ 1] dataset, with comparing to the
results of several state-of-the-art baseline models in Section
3.

1.1. Related Work

To allow the CNN model to deal with spatial transfor-
mations of the images, Jaderberg ef al. designed a Spatial
Transformer (ST) for CNN, which is inserted into a reg-
ular CNN and enables it to spatially manipulate the input
images inside the network [8]. Detlefsen et al. proposed
using the CPAB transformations within the ST layer which
are based on the integration of Continuous Piecewise-Affine
(CPA) velocity fields [7]. However, ST layers rely on prior
information on all potential spatial transformations of test
time data one may encounter. Recent literature proposed
applying steerable filters [16], considering the continuous
rotational grounp SO(2) [15], or applying the 2D-discrete-
Fourier transform (2D-DFT) [5] to achieve rotational equiv-
ariance. In order to reduce the number of training parame-
ters and computational complexity of the rotational equiv-
ariant CNN, Cheng et al. proposed decomposing the con-
volution kernels over the joint feature space and designed
a decomposition of convolutional filters called RotDCF [4].
However, many of these works restrict the treatment to a
specific set of transformations, e.g., translation and rotation.

2. Diffeomorphism Invariant CNN (DiffCNN)

As we see in Figure 2, the DiffCNN will first generate a
representation (which is more favorable for diffeomorphism
invariance) for the input image (Figure 1), and this gener-
ated representation is fed into the subsequent classifier. In

this section, we will define the structure of our proposed
DiffCNN, and show some properties regarding invariance
to diffeomorphism.

2.1. Convolution Layer

We can identify an image I : R?> — R? by its corre-
sponding differential form (field of Jacobian) and denote it
by dI : R? — GL(3,2). We can compute dI(i, ;) by com-
puting the Jacobian over a small neighborhood (say, 3 x 3)
around pixel (i,j). Now, we can define our convolution

operator as follows. Given dI = [Jij]?[:’f’j:l c GL(3,2)

and a learnable kernel W = [wij]K’K C GL(3,3), our

: : i=1,j=1
convolution operator is
KK
(I« W) (i,j) = Z WiiJivk—1,5+1-1 (1)
k=1,1=1

The scaling parameters, obtained via singular value de-
composition, are shared across all W’s. Thus, there are
three scaling parameters for W, and six parameters cor-
responding to the rotation angles for each w;;. As a re-
sult, when using a K x K kernel, this will need a total of
3+ K x K x 6 parameters.

Remark 1. Introducing additional constraints on W may
further reduce the number of parameters. An example of
such a constraint is to assume w;; to be a symmetric matrix.
This assumption brings down the parameter count to 3 +
K x K x 3.

Diffeomorphisms G = {¢ : R?> — R?} act on im-
ages in the following way: given ¢ € G, the action of
the diffeomorphism acts on I is as I o ¢. The group
H = {d¢ : R? — R?} acts on the space of {dI}. Here, d¢
is a linear map and can be identified by 2 x 2 full rank matri-
ces, i.e., we consider H = {d¢ : R? — GL(2,2)}. Define
a subgroup of H, denoted by H k, that consists of all d¢
such that, d¢(z1,y1) = dp(xa,ys) if |1 — 22| < K and
ly1 — y2| < K. We will assume non overlapping windows.

Theorem 2. Under the action of Hx i on {dI}, the con-
volution operator in (1) is Hy, 3, equivariant.



Affine Normal Affine + Shift Homography

Model Clean Image
0.01 0.05 0.1 0.5 0.01 0.05 0.1 0.5 0.01 0.05 0.1 0.5
Regular CNN [3] 85% 38% 38% 37% 18% 39% 40% 35% 14% 39% 39% 34% 14%
ST + CNN [8] 86% 44% 46% 45% 18% 46% 46% 41% 14% 46% 46% 45% 15%
CPAB ST + CNN [7] 85% 47% 47% 43% 17% 48% 47% 40% 13% 49% 45% 37% 13%
RotDCF + CNN [4] 87 % 59% 59% 56% 21% S9% S58% 52% 14% 60% S58% 52% 15%
DiffCNN + CNN 83% 59% 60% 57% 21% 60% 58% 51% 13% 5S9% 58% 5S51% 15%

Table 1. Classification performance as compared to baseline models on CIFAR10. Our proposed model’s result is highlighted with a
shaded background. The best accuracy in each test case is marked in bold. Checkpoints are selected at the highest validation accuracy of
clean images in the 100 epochs. The DiffCNN model shows a similar robustness as the RotDCF + CNN model and DiffCNN’s accuracy is
around 11% higher than other baseline models on small scale spatial transformation (scale < 0.1).

Proof. Denote the deformed image I’ = I o ¢. Then, we 2.3. Invariant Layer
have dI' = [J/];- {VJ 1 where J/, = Jy do(i,j) ~

J,;dé(i, j). Using . in (1), we get that (dI' * W)(i, j) is Given the outlgut of the nonlinear layer to be O =

[OF] = [T 121 k=1 C GL(3,2), we define the fol-

K,K lowing invariant layer operation:
> wiadivko1j1déli+k—1,5+1-1) () _ _
k=Ti=1 Vigk = (Jigk = Jij)" (Jije = Jij) )

Based on the assumption of Hj, ;, we have: _
Here, J;; = C Z Jiji. In order to map Vi, € GL(2,2)
KK

Al x W) (i, §) = wiJ; | e, into R, such that the output of this layer is in an image
( (0. 7) k:lzlzl Rl litk =L +-1 9(,7) space: R?2 — RC, we calculate the determinant of Vijk-
o o To separate the action d¢ out of the determinant of V1, we
= (dIxW)(i, j)d¢(i, j) add a logarithm operation: g;;; = log (| det(V;;x)|). Then,
m to eliminate the component from the action d¢, we perform
a normalization by subtracting the average for pixel (i, j)
2.2. Nonlinear Layer across different channels. This gives
Given the output of the convolution layer to be )
N,N,C Uijk = giji — Gij where g;; = — i 5
0 = [O%] = [Tyl 1, o) € GL(3,2), ik = Gijk = Gij W 9 = & Zggk )

we define the nonlinear layer as an element-wise operation, .
Corollary 4. Under any group action of H on {dI}, the

B(Jiix) {Jijk if det(JljkAJijk) >0 3) invariant layer is H-invariant.
ijk) =
—Jijk oW Proof. As the convolution and the non-linear layers are

A € S0(3,3) is learnable (parameterized with Cayley equivariant to ¢, we have Ji;, = Jijrd¢(i, j). Thus:

map).

Corollary 3. The non-linear operator ® is equivariant un- ” c Z ik — bol Z Jijrde; ; = jz’j deo(i, 5)
der any group H. k=1

Proof. Since the previous layer is equivariant to diffeomor- Substituting J’ ;1 and J into (4), we have:

phism ¢, we have ij = Ji;jkd¢(i, j). Therefore,

Vi =do Viikdd(i, 5
det( 5 T AT = det(dd (i, )T TT AT jrdo i, ) G = 904 1) Vigudd0.)

= det(do(i, )% - det(JT, AJij) Now, we put V;;;, into the formulation of g; ., we can get:
- ) ij )
Observe that the 51gn of det(J; AJijx) is the same as the 9ijr = log(| det(da(i, j))| - [det(Vizx)| - | det(de(i, 5))])
sign of det(J] ik Ta ”k) Thus, = 2 - log(| det(de(i, 5))|) + giji
c
®(J) = J = Jijrdd(i, j), equivariantto de(i, _ 1 . _
(i) = Jiji = Jundd(is 1), eq #(6,) Gij = 5Zg§jk =2 log(| det(de(i, 5))I) + i
[ | k=1



Finally, computing U}, :

r a =g — g =1
ijk:_gijlc_gij_gzjk 9i5 = Vijk

3. Experiments

We perform experiments on the CIFAR10 [11] dataset
which contains low-resolution 32 x 32 color images of 10
different types of objects [11]. There is external environ-
ment noise in the background of each image. We evaluate
the accuracy of the proposed DiffCNN model and compare
its performance with (a) Affine Based (Spatial transformer)
ST model [8], (b) CPAB ST model [7] and (c) RotDCF
model [4]. Specifically, we train each model on 50000 clean
images (without spatial transformation). No data augmenta-
tion for the training images was needed. Then, we evaluate
the model on 10000 test images with three types of ran-
dom spatial transformations. Each spatial transformation is
across various scales of deviation o € {0.01,0.05,0.1,0.5}
and centered at the identity matrix. The three types of spa-
tial transformation matrices are as follows (transposed ma-
trices are shown):

Nl,o’ NO,U Nl,o’ NO,O’ Nl,o’ NO,O‘ NO,G'
N07o' Nl,a ’ N070' Nl,a ’ NO,U Nl,cf NO,G'
0 0 NO,O' NO,U NO,O' NO,J 1

Affine Normal Affine + Shift Homography

where NV, , denotes the Ny, o), the Gaussian distribution
centered at p and standard deviation of o.

We use the CNN architectures with 7 hidden convo-
lution layers [3] implemented by Chen and Smith as the
base architecture for classification. This network is widely
used and attains state-of-the-art classification performance.
Then, our proposed DiffCNN structure, Affine Based ST
model, CPAB ST model are separately added over the base
classification architecture. For the RotDCF model, the con-
volution layers and batch normalization layers in the base
classification architecture are replaced with the correspond-
ing components from RotDCF model. These models are
named for comparison as: DiffCNN + CNN, ST + CNN,
CPAB ST + CNN and RotDCF + CNN.

During training process, the Adam optimizer [9] with a
learning rate of 0.001 is trained for 100 epochs. Due to
memory constraints, we selected training batch size and test
batch size of 32 for the RotDCF + CNN model. For all other
models, we used training batch size and test batch size of
100.

In order to assess the invariance behavior of our proposed
DiffCNN model, we show classification accuracies with re-
spect to the baseline models on the deformed images (Ta-
ble 1). Some examples of these deformed images can be

Original Affine Normal Affine + Shift Homography

N n A Scale: 0.01
Scale: 0.05
Scale: 0.1
Scale: 0.5

Figure 3. Illustration of the spatial transformations operated on an
image of cat from the CIFAR10 dataset. The left most column is
the original image without transformation. Except the left most
column, each column represents different types of spatial trans-
formation and each row represents different scales of the spatial
transformation. Both the regular CNN and the DiffCNN classify
the original image correctly as cat, while DiffCNN classifies 8 out
of 12 deformed images correctly and the regular CNN only classi-
fies 4 deformed images correctly.

seen in Figure 3. It is clear from the table that DiffCNN
consistently performs better than the standard CNN for sev-
eral scales of deformed images. Further, there is a signif-
icant improvement, of up to 11%, for scales smaller than
0.1 relative to baselines. On the other hand, a small drop in
performance of about 2% was observed on the undeformed
(clean) images for the DiffCNN model. Interestingly, the
table shows a small improvements even at extreme defor-
mations such as at scale 0.5.

4. Conclusions

We presented Diffeomorphism invariant Convolution
Networks, DiffCNNs, that performs convolution on the Ja-
cobian space of images. Our experiments on deformed
images of CIFAR10 dataset suggest that the drop in per-
formance in deformed images of various scales is much
smaller for DiffCNN compared to a standard CNN. Fur-
ther, based on preliminary experiments, DiffCNN appears
competitive when compared to other state-of-the-art mod-
els for spatial transformation invariance from the literature.
In summary, these results appear promising and provide a
step forward for designing CNN models that operate well
under different warpings of the image samples.
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